Sections 5.2 & 5.3

The Definite Integral

We saw in Section 5.1 that a Riemann sum of the function f over an interval [a, 0]
approximates the net change of any one of the antiderivatives of f. When investigating
the graph of f along with a Riemann sum it appeared as though the Riemann sum is
also approximating the area of a region bounded by f.
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When f(z}) < 0, the corresponding term of the Riemann sum is negative. The notion
of area we are familiar with from geometry does not allow negative areas. So, what
geometric measure is the Riemann sum computing?

Definition 5.2.1. Consider the region R bounded by the graph of a continuous
function f and the z-axis from z = a to x = b. The signed area (or net area) of
R is the sum of the areas of the parts of R above the z-axis minus the sum of the
areas of the parts of R below the x-axis.
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We want the net area to be expressed by a limit of Riemann sums as the number of
subintervals goes to infinity.

Definition 5.2.2. Suppose [z, z1], [71, 2], [ve, 3], dots, [x, 1, x,] are subinter-
vals of [a, b] with
a=2xy < T; <Tix1 <xp,=n>0.

Let Az, = xp — 2,1 and let z} be a point in [ry_q,xx]. If f is defined on [a, b],
then the sum

D fap)An = f(@) Az + f(23)Arg + -+ + f(x}) Ay,

k=1

is the general Riemann sum of f on |a, b].

The general Riemann sum is what we need to ensure the value we get from limiting
a particular sum will actually give the signed area.

Definition 5.2.3. Let A = max{Axy, Ax,y,...Ax,}. If f is defined on [a, ]

we say f is integrable on [a,b] if iimo g f(z})Axy exists and is unique over all
—
k=1
partitions of [a,b] and all choices of sample points xf. This limit is the definite

integral of f from a to b denoted

b n
signed area :/ f(z)de = iirn0 E f(xy)Azy.
—
e k=1

Theorem 5.2.4 (Integrable Functions). If f is continuous on [a,b] or bounded
on [a, b] with a finite number of discontinuities, the f is integrable on |[a, b].

What Theorem 5.2.4 means for us: we can choose one of the left, right, midpoint
sums to compute the limit giving the definite integral!



Example 5.2.5. Find the signed area under f(z) =3z + 5 from z =1 to x = 2.

2
Example 5.2.6. Compute/ sinz dx
0



In general, limits of Riemann sums are not an easy method to compute definite inte-
grals. We have already seen the Riemann sums approximate net change of derivatives:

Theorem 5.2.7 (The Fundamental Theorem of Calculus, Part II). If f is con-
tinuous on [a,b] and F is any antiderivative of f on [a, b] then

b

/ f(x) dz = F(b) — F(a) = F(x)

a

Example 5.2.8. Compute the indicated definite integrals.

2
1. / (3z + 5)dx
1

2
2. / (2° + 1)dzx
0



2T
3. / cos 0 db
0

4
4. / V16 — t2 dt
—4



A few things are interesting with part 4) above. First, we don’t know what the
antiderivative of /16 — x2 is, but we were still able to compute the definite integral
(a.k.a. the signed area under the curve). We can construct an antiderivative of a
function via the definite integral:

Definition 5.2.9. Let f be a continuous function for ¢ > a. The area function
for f with left endpoint a is

Alz) = / oL

The area function gives the net area of the region bounded by f and the z-axis
from a to x.

Theorem 5.2.10 (The Fundamental Theorem of Calculus, Part I). If f is con-
tinuous on [a, b], then the area function

Alz) = / o

is continuous on [a,b] and differentiable on (a,b). The area function satisfies

A'(xz) = f(x). That is,

Al = & / Cpe)dt = (o).

Example 5.2.11. Compute the derivative:
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L (3% + Vt)dt
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d / (3t + 5)dt
1

T

sint dt
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Integral Properties

Returning to integrating /16 — 2, if all we want is to find the area and do not know
an antiderivative, then we want to leverage as much geometry /function properties/in-
tegral properties as possible.

Theorem 5.2.12 (Integral Properties).

L‘laﬂ@dxzo

[\]

. /b f(z)de = — /a f(z)dx (Reversing limits)
a b
b

w

 lu@igmm:l%@wi[@@w (Sum Rule)

W

b b
: / kf(x)de = k/ f(z)dx (Constant Multiple Rule)

ot

b c b
./f(x)dx:/ f(x)dx—i—/ f(z)dx (Adjacent Region Rule)

(=)

b
: / | f(z)|dz is the geometric area of the region bounded by f and the z-axis.

Theorem 5.2.13 (Function Properties).

)
a 0
e If fis odd, then / flx)de =— [ f(x)dz.
0 —a
e If f is even, then /a f(z)dx = /0 f(z)da.
0 —a

z+nk z+k
e If f has period k, then / fz)dx = n/ f(z)dx.

Example 5.2.14.

100
1. / 25 dx
~100



2. / T cosx dx

2m
3. / | sin z|dx
0

1
3
_ 3 —- _ -
4. If[_/o(x 21)dx J find

(a) /0 1 (42 — 22°)dx

(b) /1 (20 — 2% da



6 6
5. If f and ¢ are defined on [1,6] such that / f(x)dz = 10, / g(x)dx = 5,
1 1

6 4
/ f(z)dxz =5, and / g(x)dx = 2, find
4 1
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Integral Inequalities

We can use inequalities to compare definite integrals, draw graphs of each to convince
yourself of their validity.

Theorem 5.2.15 (Integral Inequalities).

b
1. If f(x) >0 on [a,b], then / f(z)dz > 0.

2. If f(z) > g(x) on [a,b], then/ f(z)dx Z/ g(x)dx.

3. If m < f(z) < M on [a,b], then m(b— a) §/bf(a:)das§M(b—a).

N =

1
Example 5.2.16. Show that for all » > 1, / ' dr <
0
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